r (M), the group of C r diffeomorphisms of M, l^r^co. The properties that we shall say make a diffeomorphism ƒ simplest are:
(a) ƒ is structurally stable; (b) ƒ has the smallest topological entropy of any structurally stable diffeomorphism in its isotopy class.
Recall that ƒ G Diff r (M) is structurally stable if there is a neighborhood of/, C/ / cDiff r (Af), such that for any g e U f there is a homeomorphism h\M->M with hf=gh. Structural stability says that up to continuous changes of variables the orbit structure of the diffeomorphisms in a neighborhood of/ is locally constant. Now to define entropy via a theorem of Bowen [4] . Let (X, d) be a compact metric space and T.X-+X continuous. A set E<=:X is (n 9 e) separated if for any x, y e E with xj&y there is ay', 0^y<«, such that d(P(x), P(y))>e. Let S n (e) denote the largest cardinality of any (n, e) I. The genericity problem for diffeomorphisms. The idea here was to isolate some of the useful properties of Smale's Axiom A and no-cycle diffeomorphisms (see [22] ) which are not generic [1] . The first approach to the problem was fine filtrations.
Recall that for ƒ e Diïï r (M) the nonwandering set of/, £}(ƒ) or just simply Q,, is the set {x e M\ given any neighborhood U of x there exists an «>0 such that f n (U)C\Uj£0). £1 contains all periodic orbits and all a and co limit points. Given x e M, <x(x) = {y e M|3^->~ 00 and f n '(x)-+y} is the a limit set of x and the co limit set of x 9 co(x) = {y e M|3^->oo and f ni (x)->y). So ti is a closed invariant set which contains all the asymptotic behavior of/. If O is finite, it consists of periodic points alone. A filtration for ƒ e Diff r (M), ^#, is a sequence of compact submanifolds with boundary 0 ^MQ^M^-
• ><^M k =M with dim Mj=dim M-m and ƒ(M^cInterior Af,. Given uT, ^(^)=n^/ n ( M «^^«-i) is the maximal ƒ invariant set in M a -M^ and ^M0=Ua=i KJ^Ji). So M a -M a _ x traps K a and in principle one should be able to find out a fair amount of information about the complicated set K^ in terms of M a , M a _ l5 and/. The Lyapunov function approach to the genericity problem has the advantage that it allows one to become even more rhapsodic, by hoping [7] for any critical value c of L.
While this list of properties is rather outrageous, there is so far no counterexample to my knowledge. There are also precious few examples outside of Smale's Axiom A and no-cycles vector fields and a class of examples which can be derived from [7] . If the program could be carried out a rather beautiful picture would emerge for almost all vector fields. They would have a topography. All the recurrence would be on the ridges, each ridge held together by a dense orbit, all other orbits would flow downhill and the topography would essentially remain unchanged under small perturbations of the vector field.
In the end one might even hope for a general approach to the bifurcation problem for vector fields in terms of the bifurcations of the Lyapunov functions. I suppose that I have fantasized enough. In the next sections I will return to facts and theorems.
III. A C° density theorem for diffeomorphisms. If one is going to make models of structurally stable or simplest diffeomorphisms in each isotopy class of diffeomorphisms, the first obvious question is: Does every isotopy class of diffeomorphisms contain a structurally stable diffeomorphism ? This question was essentially answered in the affirmative by Smale [23] . In [17] and [19], Smale's procedure is elaborated and analyzed some more to produce a C° dense set of structurally stable diffeomorphisms in each isotopy class, the nonwandering sets of which are easily describable by a finite collection of matrices which are closely connected to the homology theory of the map. The results in this section are entirely contained in [23] , [17] , and [19] .
In order to produce structurally stable diffeomorphisms, we will produce Axiom A and strong transversality diffeomorphisms. Recall that ƒ e Diff r (M) satisfies Smale's Axiom A if and only if (a) £}(ƒ) has a hyperbolic structure; (b) £}(ƒ) is the closure of the periodic points of/. That £}(ƒ) has a hyperbolic structure means that TM\Q,(f), the tangent bundle of M restricted to Q(/) ? may be written as the direct sum of two Tf invariant subbundles E*@E U such that there exist constants 0<A<1, 0<C, and \\Tf n \E s \\ < CX n forn>0;
If/e Diff%M) and x e M, Recently, Clark Robinson has removed the condition that ƒ be C 2 . But for our purposes C 2 is sufficient because we can perturb ƒ to be C°°. The first step in isotoping ƒ to a structurally stable diffeomorphism is to make it preserve a special filtration, a handle decomposition of M. Recall that a handle decomposition, Jf (1) ƒ satisfies Axiom A and the strong transversality condition; (2) ƒ G Tjp for some handle decomposition 3tf of M\ (3) f\Kj is topologically conjugate to the subshift of finite type associated to the geometric intersection matrix G ó and ƒ \Cl { is topologically conjugate to the subshift of finite type restricted to its nonwandering set.
I will now explain (3). Note that the diffeomorphisms in H are structurally stable. I have used H to denote Smale's handle preserving, horseshoe diffeomorphisms; the difference here from Smale 0 otherwise. 5 is the 0-1 matrix associated to G and orrS^-^S^ is the subshift of finite type associated to G. Now the assertion in (3) 
where the max is taken over all eigenvalues off^:H^(M 9 Q)-+H*(M, Q).
The reason for this is that the spectral radius of G z is bigger than or equal to the spectral radius of the A { (because \a 3 ik \^gi k ; see [6] ), which is bigger than or equal to the spectral radius of the f ¥i :H i (M 9 g)-> Hi{M, Q), and in the trace formula of 3.2 there is no alteration of signs! I will return to this point later.
The proof of Theorem 3.1 proceeds via fitting the diffeomorphism. Given the handle decomposition 3tf of M, call any disc of the form D) Xq where q e D™~% a core disc, ƒ is fitted with respect to 2tf if ƒ (core disc)
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[January contains any core disc it intersects. Using standard techniques of differential topology and a double induction, any diffeomorphism may be isotoped to one which is fitted. This process essentially proves 3.1 by pulling along the core discs to get an expansion in the core disc direction and contracting along the transverse discs to assure the hyperbolic structure. So Theorem 3.1 may be modified to say that any ƒ is isotopic to a fitted element of H by a C° small isotopy. In some sense, fitted diffeomorphisms are the analogue for diffeomorphisms of handle decompositions for differentiate manifolds. I will pursue the analogue of Smale's theorem on the structure of manifolds to try to trace the simplest matrices that can occur for the G/s. Recall that we are limited by having the A/s, which are an endomorphism of a chain complex which arises from a handle decomposition of M and which gives the homology of M. g^ -l^l so the mos t efficient picture would be given by ^=1^1-If-E is a matrix, \E\ denotes the matrix whose entries are the absolute values of the entries of E.
In what follows a free chain complex will mean a free chain complex #, 0->C m -^C w _!->
•Ca-^Ci-^Co-^O, where m=dimM. Henceforth, M will be assumed to be connected. Such a complex will be called a complex of M. The next theorem identifies a class of matrices G t which may occur as the geometric intersection matrices of a diffeomorphism isotopic to ƒ. It is stated somewhat differently than in [19] . Note that the hypothesis amounts to chain homotopy. 
(M) is isotopic to a Morse-Smale diffeomorphism if and only if there is an endomorphism ê of f such that E t is a virtual permutation for all i.
Now by a theorem of Bowen [2] , the entropy of a map is equal to the entropy of that map restricted to its nonwandering set. So the entropy of a Morse-Smale diffeomorphism is zero. Consequently, at least for the isotopy classes described in Theorem 4.2, we can construct a simplest diffeomorphism, in fact, a fitted element of H.
PROBLEM 3. Are the only structurally stable diffeomorphisms with zero entropy the Morse-Smale diffeomorphisms 1
A positive answer to this problem would justify calling the MorseSmale diffeomorphisms the simplest of all in the sense of simplest above.
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A negative answer would be rather startling because it would contradict the conjecture of Palis and Smale that the structurally stable diffeomorphisms are precisely the Axiom A and strong transversality diffeomorphisms. Theorem 4.2 may also be stated as follows: The homology class of graph ƒ can be constructed by a virtual permutation of a chain complex for the manifold. Finding such a virtual permutation of a chain complex of course implies that/* is quasi-unipotent. But the converse is not true. 
is isotopic to a Morse-Smale diffeomorphism if and only iff* :H*(M, Q)->H*(M, Q) is quasi-unipotent.
The reason we have to take a finite power and cannot get by with ƒ itself is because of an obstruction closely related to the ideal classes of the cyclotomic fields. This obstruction is nonzero, according to R. G. Swan.
To give an example, suppose H*(M) is torsion free. If f^^H^M)-^-H^M) may be put in the form where each A t is equivalent over Z to the companion matrix of its characteristic polynomial then ƒ is isotopic to a Morse-Smale diffeomorphism. Of course, I am assuming here that II 1 (Af)=0 and dim .M^6. The obstruction is analyzed somewhat more in [19] .
V. Entropy. For Axiom A diffeomorphisms Bowen [2] proved :
So it now follows from the asymptotic Lefschetz inequality of Proposition 3.3 that iff e H, then The Lefschetz number of/ n is given by L(f n )=^ (-1)* trace ƒ ^ so we may form the asymptotic Lefschetz number of/.
If X is an eigenvalue of largest modulus for ƒ * and all other eigenvalues of the same modulus occur in dimensions of the same parity, then /(ƒ)= log|A|. In other words, the asymptotic Lefschetz number is log|A| unless there is some cancelling out in the trace formula due to the alteration of signs. L(/ n ) = 2p 6 
This is true for Kupta-Smale endomorphisms which are a generic set in End r (M) (see [16] ). Conversations I have had with Dennis Sullivan make it seem very likely (almost a proven theorem) that if /(ƒ)>() then N n (f)-+ oo. So the asymptotic Lefschetz number should give an estimate of the asymptotic growth of the periodic orbits, but suffers from the alternation of signs. If we drop the alternation of signs in the formula, we get max log|X\ all the time and hopefully estimate the asymptotic growth rate of the orbits, i.e., the entropy. For example: start with any diffeomorphism ƒ : M-*M, consider ƒ x 0:Mx S^M X S 1 where 6 is an irrational rotation of S 1 . Then 1(f)=0 and there are no-periodic points. But h(f x 0)= h(f), so if/satisfies (*) so doesƒx0.
Problem 4 and (*) both fail for homeomorphisms of complexes and continuous maps of manifolds, so the smoothness seems crucial. Given ƒ: X-+X we can construct the suspension of f S(f) : S(X)-+S(X). Now compose S(f) on the left with a map which pushes down from the north pole of the suspension to the south pole, g.
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The new nonwandering set is just the north and south poles which are the only periodic points. On the other hand l(g o ƒ)=ƒ(ƒ) and max log|A| is unchanged.
There is something which may be said about continuous endomorphisms of finite complexes which follow directly from Franks [5] . PROPOSITION The most natural place to apply this proposition is to the «-torus, T n . There one sees that those elements A of SL(n 9 z) which have no eigenvalues of absolute value one (the linear Anosov diffeomorphisms) are simplest diffeomorphisms.
Finally, I would like to return these considerations to the problem of finding simplest diffeomorphisms. The first problem here is to determine if the elements of H will provide simplest diffeomorphisms if they do exist in an isotopy class. PROBLEM = max log |A|, where the max is taken over all the eigenvalues of the geometric intersection matrices G^ for g. This proves that for any g e H which is isotopic to A 9 h(g)>max log|A|. So the difficulty in finding an element of H which achieves equality in (*) lies at least in the problems of the ideal classes and in the problem of increasing the eigenvalues of a matrix when the absolute value is taken (this is actually how the ideal classes came up in the first place). Neither of these connections seems to be well understood.
If the answer to Problem 5 is yes, there will be isotopy classes for which an affirmative answer to the following problem would indicate the nonexistence of a single simplest diffeomorphism. One would have to use a sequence.
